The Hamiltonian analysis of the self-dual gauge gravity theory is carried out. The resulting canonical structure is equivalent to that of self-dual gravity.
Introduction
Canonical quantisation of general relativity is a long-standing problem. The ADM formalism [1] is a canonical analysis of general relativity using metric variables. The resulting form of the Hamiltonian constraint is a complicated, non-polynomial expression in the canonical variables. As a result, attempts at constructing the corresponding quantum operator quickly run into problems. In the 80's, Ashtekar reformulated gravity in terms of new variables that significantly simplify the form of the constraints [2] . This had led to the 'loop quantum gravity' research programme.
In [3] , Witten quantised (2 + 1)-dimensional gravity exploiting the fact that the first order action is equivalent to a Chern-Simons gauge theory with gauge group ISO(2, 1) for zero cosmological constant, and SO(3, 1)/SO (3, 2) for positive/negative cosmological constant. This discovery sparked interest in whether a similar strategy might work in 3 + 1 dimensions. The first order formalism for (3+1)-dimensional gravity was first explicitly formulated as a gauge theory with gauge group SO(4, 1)/SO(3, 2) by Macdowell and Mansouri [4] . However, canonical analysis of this theory reveals secondclass constraints which are difficult to deal with when quantising [5] . A closely related but simpler gauge theory was discovered by Pagels [6] in the SO(4, 1)/SO(3, 2) case, and generalised to ISO(3, 1) by Grignani and Nardelli [7] . The purpose of this paper is to carry out the Hamiltonian analysis for the self-dual variation of this theory. It is shown that the resulting canonical structure is identical to that of self-dual gravity. There is a potential ambiguity when objects with multiple indices are written in components. A subscript 0 for example could indicate an ISO(3, 1) index or a spacetime index taking the value 0. However, it will always be clear from context which type of index has been fixed.
Conventions, notation and identities
The spacetime metric signature is diag(−1, 1, 1, 1). The spacetime LeviCivita symbols αβγδ , αβγδ are completely antisymmetric and defined so that 0123 = 0123 = 1 in all coordinate systems.
The ISO(3, 1) Levi-Civita symbols ABCDE , ABCDE are completely antisymmetric and defined so that 01234 = − 01234 = 1. These are invariant tensors since the transformations (2.1), (2.2) both have determinant one. We define ABCD = ABCD4 , ABCD = ABCD4 , so that 0123 = − 0123 = 1. Finally we define abc = 0abc , abc = − 0abc , so that 123 = 123 = 1. The complexification of a real Lie algebra is obtained informally by 'taking the underlying field to be C'. For ISO(3, 1) = ISO(3, 1, R), the corresponding complex Lie group is denoted ISO(3, 1, C). The representation theory constructed above carries over straightforwardly to the complex case.
The dual of an object K AB with two capital Latin indices is defined by
Assuming K AB = −K BA is antisymmetric, it may be written as a sum of 'self-dual' and 'antiself-dual' parts,
where
In the SO(4) case with an 'all positive' bilinear form, there are no factors of i in (2.5), and this is the origin of the 'self-dual' and 'antiself-dual' terminology. We define
There exist relations between the different components of K +AB ,
The four-dimensional spacetime manifold M will be assumed to admit a foliation of the form M = Σ × R, with Σ a 3-manifold without boundary. The metric may be written in block components as follows
Here N , N i are called the lapse and shift functions respectively. We will use the 'triangular gauge', in which the components of the frame field are as follows
(2.8)
The complexification of the Lie algebra so(3, 1) is so(3, 1, C) = sl(2, C) ⊕ sl(2, C). The sl(2, C) factors are given by the self-dual and antiself-dual parts of the so(3, 1, C) connection. The so(3, 1, C) curvature tensor is defined by
with ω A kB the complexified spin connection. It can be shown that the self-dual part of the so(3, 1, C) curvature tensor is equal to the curvature of the self-dual part of the so(3, 1, C) connection,
The self-dual part of the complexified spin connection is an sl(2, C) connection, and
Hamiltonian analysis
The action of self-dual gauge gravity is
The gauge group is ISL(2, C) = SL(2, C) C 4 , the semidirect product of the complex translation group C 4 with the SL(2, C) group generated by the selfdual part of an so(3, 1, C) connection. The action of SL(2, C) on C 4 in the semidirect product is given by the four-dimensional representation of SL(2, C) inherited from the defining four-dimensional representation of SO(3, 1, C). 
The curvature is
Raising the second index using the metric η AB gives
By a translational gauge transformation, we may take
This is called 'physical gauge'. In this gauge, A A B is identified with ω +A B , the self-dual part of the complex spin connection, and E A is identified with the complexified frame field e A . The action is
with
This is the self-dual Holst action with zero cosmological constant.
One only obtains non-zero contributions to the action (3.1) when the index E = 4, so
The first step in passing over to the Hamiltonian formulation is to separate the action into variables whose time derivative appears, and variables whose time derivative does not appear,
Upon using the relations (2.6) that link the different components of the connection A A B and substituting in the canonical momenta, this becomes
, and
10)
The first equation (3.10) defines a primary constraint. We note the equality (Dφ) A = e A , which is due to the fact that (Dφ) A is invariant under translations. Using the triangular gauge (2.8) to evaluate p i d gives The Hamiltonian is
Using (3.12), an equivalent set of constraints is 
which is a smeared version of the Lie algebra isl(2, C).
Conclusion
In this paper, the Hamiltonian analysis for the self-dual gauge gravity theory has been carried out. The canonical structure is identical to that of normal self-dual gravity, and thus the gauge gravity formalism offers no obvious novelty in the canonical quantisation process.
